In this paper we apply the tools of the dynamical systems theory in order to uncover the whole asymptotic structure of the vacuum interactions of a galileon model with a cubic derivative interaction term. It is shown that, contrary to what occurs in the presence of background matter, the galileon interactions of vacuum appreciably modify the late-time cosmic dynamics. In particular, a local late-time attractor representing phantom behavior arises which is inevitably associated with a big rip singularity. It seems that the gravitational interactions of the background matter with the galileon screen the effects of the gravitational self-interactions of the galileon, thus erasing any potential modification of the late-time dynamics by the galileon vacuum processes. Unlike other galileon models inspired in the DGP scenario, self-accelerating solutions do not arise in this model.
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I. INTRODUCTION
One of the major open questions in theoretical physics is the nature of the "dark energy" (DE) that is causing the observed accelerated expansion in the universe. This latter fact is supported by cosmological observations from type Ia supernovae sample from panSTARRS [1, 2] , combined with the baryon acoustic oscillations (BAO) [3] and the cosmic microwave background (CMB) [4] , large scale structure (LSS) [5] , weak lensing [6] , and the integrated Sachs-Wolfe effect [7] . In the context of general relativity (GR), the cosmological constant Λ, which can be interpreted as the energy of the vacuum [8] , provides the simplest explanation of this alien component of the cosmic budget [9] . In the ΛCDM model, the cosmological constant accounts approximately for the 70 % of the total energy content of the universe, meanwhile the cold dark matter (CDM) component amounts to around 25 %. The baryonic matter and the radiation complete the cosmic inventory. This model provides the best fit to a big range of independent observations, however, there is not yet a satisfactory theoretical explanation for the very small value of Λ. Furthermore, this model suffers from a fine tuning or "coincidence problem" [10] : Why is the dark matter density comparable to the vacuum energy density now, given that their time evolution is so different?
Another possibility is to consider that the DE in not a constant but evolves with time [11] . The simplest model for an evolving dark energy are light scalar fields known as "quintessence", where a scalar field is postulated as the a Electronic address: dearcia@ifm.umich.mx b Electronic address: tamegc72@gmail.com c Electronic address: genly.leon@ucv.cl d Electronic address: ulises@ifm.umich.mx e Electronic address: iquiros@fisica.ugto.mx would be explanation of the observed accelerating rate of the expansion of the universe [12] . Quintessence differs from the cosmological constant in that, while the former is dynamic, that is, it changes over time, the latter remains a constant during the cosmic history. Many models of quintessence have a tracker behavior that partly solves the cosmological constant problem [13] . In these models, the quintessence field has a density which closely tracks (but is less than) the radiation density until matterradiation equality, which triggers quintessence to start having characteristics similar to dark energy, eventually dominating the universe.
An interesting alternative explanation to the unusual cosmological dynamics at large scales, without the need to invoke a cosmological constant or a negative pressure fluid, is based on the modification of the left-hand side (LHS) of the Einstein field equations. Among the most representative models that belong in this sector are those based on f (R) theories [14, 15] , f (R, G) theories [16] , Brans-Dicke (BD) theories [17] , Dvali-Gabadadze-Porrati (DGP) braneworld [18] , and Galileon gravity [19] [20] [21] . The f (R) gravity is a kind of generalization of Einstein's GR which can be put into the form of a scalar-tensor theory (BD theory with vanishing coupling constant ω = 0 to be precise). As a matter of fact f (R) theories represent a family of models, each one defined by a different function of the Ricci scalar. GR is recovered after the simplest choice of the function f (R) ∝ R. As a consequence of introducing an arbitrary function there is a lot of freedom to explain the accelerated expansion and structure formation of the Universe without adding unknown forms of dark energy or dark matter. The BD theory represents a particular case of a scalar-tensor theory, a gravitational theory in which in addition to the metric field the gravitational interaction is mediated also by a scalar field. The gravitational coupling constant G is not presumed to be constant but instead 1/G is replaced by a point-dependent scalar field.
The DGP model assumes the existence of a fivedimensional (5D) Minkowski space of infinite volume within which ordinary four-dimensional (4D) Minkowski space is embedded. Consequently, there is no normalizable zero-mode of the 4D graviton in the DGP braneworld. The action of this model consists of two pieces: a standard 4D Einstein-Hilbert action, which involves only the known 4D spacetime dimensions, plus the EinsteinHilbert action of a 5D Minkowski manifold. The transition from 4D to 5D behavior is governed by a crossover scale r c [22] : gravity leaks off the 4D brane into the bulk at large scales, r ≫ r c , where the 5D piece of the action dominates, while on small scales, r ≪ r c , gravity is effectively bound to the brane and 4D dynamics is recovered to a good approximation, as the 4D piece of the action dominates.
In spite of the very attractive features of the DGP model, it is ruled out by observations in comparison with the ΛCDM model [23] . Besides, in addition to the insurmountable problems posed by the cosmological observations, there is a problem of theoretical consistency associated with the existence of a ghost in the late-time asymptotic de Sitter solution. This is a ghost mode in the scalar sector of the effective Brans-Dicke theory that approximates the DGP on cosmological subhorizon scales, which is more serious than the ghost in a phantom scalar field [22] .
Finally we mention the so called galileon models which will be the focus of the present investigation. Inspired by the DGP model, in [19] the authors derived the five Lagrangians that lead to field equations invariant under the Galilean symmetry ∂ µ φ → ∂ µ φ + b µ in the Minkowski space-time. The scalar field that respects the Galilean symmetry is dubbed "galileon". Each of the five terms only leads to second-order differential equations, keeping the theory free from unstable spin-2 ghost degrees of freedom. If we extend the analysis in Ref. [19] to the curved space-time, the Lagrangians need to be promoted to the covariant forms. Deffayet et al. [20] derived the covariant Lagrangians L i (i = 1, ..., 5) that keep the field equations up to second-order. These are equivalent to the ones discovered by Horndeski [24] .
The most general 4-dimensional scalar-tensor theories having second-order field equations are described by the linear combinations of the following Lagrangians [20] :
where (∂φ) , 4, 5) , are functions of the scalar field φ and its kinetic energy density X = −(∂φ) 2 /2, while G i,φ and G i,X , represent the derivatives of the functions G i with respect to φ and X, respectively.
In order to perform the dynamical analysis of the generalized Galileon cosmology we need to focus in specific models. One class of Galileon scenarios of particular interest for cosmology has the following choice (G 5 = 0):
where g = g(φ) is a coupling function and G N is the gravitational coupling (Newton's) constant. The resulting action reads:
where, G µν = R µν − g µν R/2, is the Einstein's tensor and V = V (φ), is the self-interaction potential of the galileon. The matter action piece
where L m stands for the matter Lagrangian, has been omitted for simplicity but, if desired, it may be added.
has been investigated before in the context of the BransDicke theory in [25] (see also [26] ). In the mentioned theory this term is the responsible for the approximate recovering of general relativity on small scales and at early times. This is the unique form of interactions at cubic order yielding second order motion equation for the galileon field. This is essential for physical theories since the extra degrees of freedom associated with the higher-derivatives usually generate instabilities.
Given the extremely complex form of the generalized galileon field equations which are obtained by means of the variational principle from (3), deriving of exact cosmological solutions is by far a mammoth task. This is where the tools of the dynamical systems theory come into scene. Although the phase space dynamics of the class of models especified by the choice (2) has been investigated in detail in Ref. [27] for a pair of choices of the coupling function g = g(φ) and of the potential V (φ), here we want to pay special attention to a particular case that was not investigated in that reference: the galileon vacuum cosmology. For the more general situation when, in addition to the galileon, the background matter is considered, in [27] it was found that there are not any new stable late-time solutions apart from those of standard quintessence. In consequence one may naively expect that the same result should hold true for the particular case when the standard matter degrees of freedom are removed. The results of this paper will show quite the contrary: there is a very interesting asymptotic dynamics in the vacuum of the generalized galileon cosmological models, which strongly departs from the asymptotic structure of standard quintessence even at late-time.
For a better understanding of the subject we shall discuss here, the paper has been organized in the following way. The basic information on the model subject of this investigation, is exposed in Sec. II. Then, in Sec. III, we discuss on the adequate choice of the variables of the phase space. When cosmological issues are involved this is, by far, one of the most important topics of the dynamical systems study since not every choice leads to correct results: an inappropriate choice of the phase space variables may lead to the loss of one or more important equilibrium configurations. In Sec. IV the generalized galileon model with cubic derivative interaction ∝ g 0 ∇ 2 φ(∂φ) 2 (the coupling g(φ) = g 0 is a constant), and with exponential potential V (φ) ∝ exp(−λφ), is explored in the presence of a background matter fluid, as an illustration of the dynamical systems approach used in the present paper. Recall that this and more general cases have been studied before in [27] . In Sec. V we dispense with the matter component and we focus in the apparently simpler case when the cosmic background is just vacuum. The result obtained can not be more surprising: the asymptotic cosmological dynamics of the vacuum galileon is richer than the asymptotic dynamics in the presence of background matter. In particular a late-time phantom attractor associated with a big rip singularity arises. This and other obtained results are discussed in Sec. VI, while in Sec. VII conclusions are given. In this paper we use the units where 8πG = c = h = 1.
II. BASIC SETUP AND COSMOLOGICAL EQUATIONS
Here a Friedmann-Robertson-Walker (FRW) spacetime with flat spatial sections is assumed, whose line element is given by ds
The cosmological field equations resulting from the action (3), read:
where, in addition to the galileon, a standard matter fluid with energy density ρ m and barotrotopic pressure p m , is assumed. The energy density and the parametric pressure of the galileon field are given by
In this paper, for simplicity of the analysis, we shall focus in the constant galileon coupling case, with the exponential potential:
Besides, for definiteness we shall assume non-negative g 0 ≥ 0, which is the more interesting choice, since for g 0 < 0, the asymptotic dynamics is not as interesting, resulting in a straightforward particular case of that of galileon cosmology with background matter. Under the above assumptions the cosmological Einstein's field equations read:
while the motion equation of the galileon is depicted by:
In the above equations:
Equations (6), (7), (8), are the master equations of the model which is the subject of the present investigation.
III. THE VARIABLES OF THE PHASE SPACE
Our aim here will be to trade the very complex system of second order equations (6), (7), (8), by a system of autonomous ordinary differential equations (ODE-s). For this purpose one has to choose adequate variables of some state space. To start with one chooses the following standard, Hubble-normalized variables of the phase space [28] :
In terms of these variables the Friedmann equation in (6) can be written as:
where
2 is the dimensionless (normalized) energy density of the i-th matter component. As seen from Eq. (10): 1. One needs yet another phase space variable to account for the factor H 2 g 0 .
2. Due to the positive sign of the fourth term in the right-hand side (RHS) of Eq. (10), given x s ≥ 0, the variables x s and y s can take arbitrary large values, while 0 ≤ Ω m ≤ 1.
In consequence, we introduce the following bounded new variables of the phase space:
where x + is for non-negative
Here we are assuming that only expanding cosmologies arise: H ≥ 0 (y s ≥ 0), and that along orbits of the phase space x s does not flip sign. These assumptions are not independent of each other. Actually, at a bounce, no matter whether it is a bounce at a minimum or at a maximum size of the universe, whereȧ = 0,ä > 0 (minimum size), oṙ a = 0,ä < 0 (maximum size universe), since H flips sign, then, necessarily y s ∝ √ V /H, flips sign as well. Notice that the bounce, if present, arises at the boundary y s = 0 since, while H flips sign √ V does not. Besides, at the bounce, simultaneously,φ ∼ H ∼ 0 and √ V ∼ H ∼ 0 since otherwise, if assume finiteφ and V ,
The choice of coordinates in (11) is specially useful in those cases where x s = 0, and y s = 0 are invariant subspaces in the (x s , y s ) -phase space. This means that orbits originated from initial conditions, say, in the quadrant x s ≥ 0, y s ≥ 0, will entirely lay in that quadrant. I. e., the orbits will not cross none of the boundaries (it could be better to say separatrices), x s = 0 and y s = 0. As we will show below, this is, precisely, the case for the vacuum of the generalized galileon model (6) , (7), (8), which is the subject of the present investigation.
In what follows it will be useful to define the quantity:
so that, in particular, the Friedmann constraint (10) can be written as:
IV. GENERALIZED GALILEON COSMOLOGY WITH MATTER
In spite of the fact that this is a particular case of the more general situation investigated in [27] , in order to illustrate our adopted procedure which, to be honest, is clearly different from the one undertaken in the mentioned bibliographic reference, here we shall study the generalized galileon cosmology in the presence of a matter fluid with energy density ρ m and barotropic pressure p m . Here, for simplicity, we set p m = 0, so we deal with background (pressureless) dust. As mentioned before, it will be adopted the exponential potential V (φ) = V 0 exp(−λφ), and the constant galileon coupling g = g 0 , will be assumed (5) .
The next step is to trade the cosmological field equations (6), (7), (8), by the following dynamical system given in terms of the bounded variables x ± , y, and z, which were defined in Eq. (11):
where, for compactness of writing, we have defined:
TABLE I: Critical points of the dynamical systems (14), together with their main properties. We have used the following parameter definition: α := −7 + 24/λ 2 .
We have defined also the following functions:
In Eq. (14) the comma denotes the derivative f ′ = H −1ḟ , while the '±' signs above account for two different branches of the dynamical system so that, as a matter of fact, one has two different dynamical systems.
A. Critical points in the 3D phase space
The critical points of the dynamical systems (14) , together with their main properties, can be found in TAB. I. This table reflects the fact that, but for the matterdominated big bang, which is associated with the critical point P ± 1 , as clearly stated in [27] , the present galileon model (perhaps others too) does not differ too much from the standard quintessence. This is particularly true for the late-time dynamics (points P ± 4 and P ± 5 ). Notice that the big bang solution is not a global past attractor but a local one. The remaining equilibrium points are the same found in TAB. 1 of Ref. [28] :
1. The matter dominated solution P ± 2 , which is associated with a saddle critical point.
2. The stiff-matter solutions P ± 3 , which are correlated with a scalar field's kinetic energy density dominated universe. In the present case these are always saddle points, while in the standard quintessence case these can be the past attractors as well.
3. The scalar field dominated solution P ± 4 , representing scaling between the scalar field's kinetic and potential energy densities. This can be either a saddle or a late-time attractor as in the quintessence model.
4. The scalar field-matter scaling solution P ± 5 . Whenever it exists it is a late-time attractor. It is either a focus or an spiral equilibrium point.
The above results are essentially the same obtained in [27] by means of a bit different procedure.
V. GENERALIZED GALILEON VACUUM
Apparently, the simplest case we can deal with is when the cosmic background is the vacuum (Ω m = 0). In such (18) for different values of the parameter λ. From left to right λ = 0 (constant potential), 1.5 and 3, respectively. In the bottom panels the compact Poincarè phase portrait (A1), which corresponds to the whole (finite and infinite) dynamics, is shown in each case. It is seen that, thanks to the galileon coupling g0, the critical points can be found not only within the semi-disk x 2 s + y 2 s ≤ 1 (region enclosed by the dashed-curve), but also outside it. There are configurations at infinity corresponding to xs → 0, ys → +∞ (Q1) and to xs → ∓∞, ys → 0 (Q2 or Q3).
a case the Friedmann constraint (13) amounts to a relationship between the variables x s , y s and z:
so that one of these variables, say z:
is redundant, and one ends up with a plane-autonomous system of ODE:
whereḢ
The structure of the dynamical system (18) entails that the semi-infinite planes {(x s , y s ) : x s > 0, y s ≥ 0} and {(x s , y s ) : x s < 0, y s ≥ 0} are invariant subspaces. This means, that if one gives initial conditions in one of these subspaces, the corresponding orbits of (18) will entirely lay in that subspace. The vertical lines x s = 0, y s ≥ 0, and y s = 0 are also invariant subspaces. Actually, as seen in the FIG. 1 , the vertical line x s = 0 (y s ≥ 0) is a separatrix in the phase space. Hence, the orbits originated from initial conditions in the region Ψ − = {(x s , y s ) : x s < 0, y s ≥ 0}, will lay entirely in this region. The same is true for orbits in the region Ψ + = {(x s , y s ) : x s > 0, y s ≥ 0}. Furthermore, the system (18) is form-invariant under the coordinate change (x s , y s , λ) → (−x s , y s , −λ). Thus, for the numerics we may consider to investigate just the sector x s ≥ 0, λ ≥ 0.
The dynamics on the sector x s ≤ 0, λ ≤ 0 will be the same.
Another interesting thing one may read off from FIG. 1 is that, depending on the initial conditions, the phase space orbits may originate either at the infinities x s → ±∞, or at the big bang (x s , y s ) = (0, 0) ⇒ z = 0 (see Eq. (17)). This means that the variables x s , y s are unbounded, which poses a problem for the standard variables (9), since one or several critical points at infinity may be lost.
One possibility is to consider the compact Poincarè variables, however, even if these are bounded variables, in the case of interest in this paper, one or several points at infinity may be mapped into a single degenerated point under the Poincarè projection (see the demonstration of this fact in the appendix). In spite of this, in the bottom panel of FIG. 1 , the compact Poincarè phase portrait of the dynamical system (18) is shown for completeness.
One may naively expect that there can be no new interesting dynamics in the vacuum case with respect to the results of the previous, more general case, where the background matter is considered. In spite of this, in this section we shall investigate the simplest vacuum case and, as we shall show, surprisingly, a new very rich asymptotics arises.
A. New variables
As mentioned we shall seek for new bounded variables so that all of the possible equilibrium points are "visible". Since we renounced to the Poincarè variables as long as one or several equilibrium points may be degenerate (see the appendix), here we shall use a different set of variables.
Given that in FIG. 1 the vertical line x s = 0, is a separatrix, one may investigate the dynamics in the invariant subspaces Ψ − and Ψ + , separately. Accordingly, one may introduce the new bounded variables defined in Eq. (11) . The corresponding phase space where to look for equilibrium points: Φ whole = Φ − ∪ Φ + , is the union of the following bounded planes:
B. The dynamical system
In terms of the bounded variables defined in (11), the following plane-autonomous dynamical system is obtained for the galileon vacuum with constant coupling g = g 0 , and exponential potential V = V 0 exp(−λφ):
.
Here the '+' and '-' signs refer to two different branches, so that we have in fact two different dynamical systems: i) the one expressed in terms of the variables x + , y and z, which corresponds to the case withφ > 0, and ii) the other expressed through x − , y and z, which corresponds to the case withφ < 0.
In the present case (galileon vacuum), one of the variables: z, is expressed as a function of the remaining variables x ± and y through
where we have used the definition of the function Θ ± (a) given in Eq. (16) .
Crit (20) .
C. Critical points and phase plane structure
The whole phase plane for this case is the union of the subspaces Φ + and Φ − defined in (19) : Φ whole = Φ − ∪Φ + . Its boundaries are at the edges
where z = 0 ⇔ g 0 H 2 → ∞, which means that either there is a cosmological singularity there (H → ∞), or the cubic derivative interaction is decoupled from the gravitational interactions (g 0 → ∞).
The following separatrices can be identified: sep 0 := (0, y) ,
Notice that on the separatrices sep 0 and sep ± , z = 1, i. e., g 0 H 2 = 0, so that either we deal with the static universe there (H = 0), or, if g 0 = 0, the standard quintessence model with exponential potential (basically Einstein's general relativity plus a fluid of self-interacting scalar field with exponential potential [28] ), is recovered.
Exponential quintessence
The critical points of the dynamical systems (20) , together with their main properties, are shown in TAB. II. The equilibrium points P ± 5v and P ± 6v , for which z = 1, are the usual critical points found in Ref. [28] for the exponential quintessence model, if consider, as we do in the present section, the vacuum case (no other matter degrees of freedom than the scalar field).
The points P ± 5v correspond to the stiff-matter solutions, which, in the exponential quintessence case, are unstable and are expected to be relevant only at early times [28] . In the present case, however, we obtain a bit different result which is due to the non-vanishing galileon coupling g = g 0 . Actually, as seen from TAB. II and also from the phase portrait in the FIG. 2 (top right-hand panel) , the stiff-matter solution can be stable, i. e., it can be a late-time attractor. This is achieved if either, λ > √ 6 ('+' branch), or λ < − √ 6 ('-' branch). For either λ < √ 6 ('+' branch) or λ > − √ 6 ('-' branch), the stiffmatter solution is a saddle point in the phase space ( see  FIG. 2 ), but it can not be a source point (past attractor) as it is in the standard exponential quintessence case if |λ| < √ 6. This apparently harmless departure from the standard stability properties of the stiff-matter solution arises because the equilibrium point: x ± = ±1/2, y = 1 (z = 1), or, in terms of the standard variables x s , y s in Eq. (9) (the same variables used in [28] ): x s = ±1, y s = 0, is approached asymptotically not only ifφ = ± √ 6H, V = 0, g 0 = 0, as in the quintessence case, but also if there is a perhaps very tiny residual non-vanishing galileon coupling g 0 = 0 (g 0 ≪ 1):
Hence, provided that |λ| > √ 6, and that the above conditions are fulfilled, the stiff-matter solution is the global attractor (see the top right-hand panel of FIG. 2) , meaning that the final (stable) state of the cosmic evolution is the ultra-relativistic stiff-matter stage. This behavior has not analogue in the exponential quintessence model.
The critical points P ± 6v have the same properties as in the exponential quintessence model [28] . These correspond to scaling of the kinetic and potential energies of the scalar field:φ (20) for different values of the parameter λ. From left to right: λ = 0 (constant potential), 1.5 and 3, respectively. The top panels are for the phase plane {(x+, y) : 0 ≤ x+ ≤ 1, 0 ≤ y ≤ 1}, corresponding to the positive branch of (20) (φ ≥ 0), while the bottom panels are for the phase plane {(x−, y) : −1 ≤ x− ≤ 0, 0 ≤ y ≤ 1}, which corresponds to the negative branch instead (φ ≤ 0). The thick dot-dash curve represents the separatrix z = 1, which joints the stiff-matter points (x+, y) = (1/2, 1) and (x−, y) = (−1/2, 1), with the de Sitter critical point (1, 1/2) and (−1, 1/2), respectively. It is seen in the top panels that, depending on the value of λ, either the de Sitter solution (1, 1/2), the DE-dominated solution (critical point on the separatrix sep + ), or the stiff-matter solution (1/2, 1), can be the late-time attractor. Meanwhile, as seen from the bottom panels, depending on the chosen initial conditions the de Sitter and the phantom solutions can be the late-time attractors.
FIG. 2: Phase portrait of the plane-autonomous systems of ODE
Whenever they exist, they are attractors.
The de Sitter solution
Another interesting property of the present galileon model, formerly investigated in [27] , is that the de Sitter solution (points P ± 7v in TAB. II) is a critical point of (20) . It is a local attractor.
1 The parameter z is undefined in this case since, if the de Sitter point is approached along the separatrices sep ± , then z = 1, meanwhile, for other approaching directions z = 0. The de Sitter solution does not arise in standard exponential quintessence, unless λ = 0 (constant potential case), so that its existence 1 Worth noticing that the points P ± 5v and P 6v , correspond to the points A ± and C in table 1 of [27] , respectively. for any λ = 0 is a genuine consequence of the galileon coupling g 0 = 0.
As long as the former critical point exists independent on the value of the parameter λ, one might incorrectly infer that for vanishing potential, i. e., in the limit λ → ∞, the equilibrium point P ± 7v could be associated with a self-accelerating solution as in [25] , i. e, a de Sitter solution in which cosmic acceleration arises even in the absence of matter and for vanishing potential:
In [25] this kind of solution has been investigated within the context of BD theory with the cubic derivative interaction ∝ f (φ)(∂φ) 2 ∇ 2 φ, so that it were not that surprising if this critical point arose in the present case, where a similar cubic interaction is being considered. However, as we shall show, the self-accelerating solution can not arise in the present case. Actually, supposing that the conditions for a self-accelerating solution are fulfilled, i. e., assuming that ρ m = p m = 0, andḢ = 0 ⇒ H = H 0 , the Friedmann equation in (6) , amounts to the following cubic algebraic equation inφ:
Any real rootφ = r 0 =const. of this equation leads tö φ = 0, hence, the Raychaudhuri equation
Exactly the same result: 3g 0 H 0 r 0 = 1, is obtained from the Klein-Gordon equation in (7). Now, if substitute this r 0 back into the cubic algebraic equation above, one gets that
, which can not be satisfied by any reals H 0 and g 0 .
The big bang solution
The points P ± 2v : (±1, 1) should not be confounded neither with the point P ± 2 in TAB. I (O 1 in Ref. [27] ), nor with P ± 1 in that table. In terms of the standard variables x s , y s , P ± 2v ⇒ (0, 0), which, in the case of the exponential quintessence model explored in Ref. [28] , coincides with P ± 2 and represents the matter-dominated solution. However, in the vacuum case, since
at any time, it can not represent any matter-dominance. In fact, since for P ± 2v , q = 4/5, theṅ
i. e., P ± 2v is associated with a solution with a pure galileon big bang singularity at some initial time t 0 (compare with the point P ± 1 in TAB. I which is associated with a matter-dominated big bang instead). This unstable solution, which corresponds to a source critical point in the phase space, has not analogues in the standard exponential quintessence model. It can have importance only at early stages of the cosmic evolution.
The phantom solution
One of the most interesting findings of the present investigation is the solution which is associated with the critical point P ± 3v . It is a stable solution (a local attractor) and represents phantom behavior. In order to illustrate the latter statement let us to choose the P + 3v solution, which exists only for negative λ < 0. Let us set λ = −κ, with κ > 0. At P + 3v we have that
From the first equation above it follows that
where φ 0 is an arbitrary integration constant. Additionally, since for this critical point q = −4 (recall that for the vacuum case Ω φ = 1):
where, by definition ω φ := p φ /ρ φ , the associated solution is a super-accelerating one. For this case we have that
where −3t f and ln a 0 are arbitrary integration constants.
Given that V ∝ exp(κφ) ∝ a 12 ∝ (t f − t) −4 , then, as t → t f asymptotically:
as required. We have, also, that
Besides, since at P ± 3v ,φ = 12H/κ, the Friedmann equation can be written as
where α = 12/κ. As seen, the self-interaction galileon potential V (φ) asymptotically approaches to V ∝ H 4 , as required by the consistency of the phantom solution.
The phantom behavior is evident from the fact that the energy density of the galileon unboundedly grows up with t. As seen, given that a(t), H(t),Ḣ(t), and ρ φ (t), all blow up at t = t f , i. e., in a finite time into the future, a big rip singularity [29] is the inevitable fate of the cosmic evolution in the present case.
The point P 4v represents super-accelerating contraction of the universe as we shall see below. In contrast to P ± 3v , this solution has no impact in the late-time dynamics. In this case it is required a vanishing self-interaction potential V = 0 ⇒ y = 1, and a finiteφ = 0, and that, asymptotically,
As a matter of fact
where the integration constant has been set C = −3t b . Asymptotically, as t → ∞, H → 0, as required, besides a(t) ∝ (t − t b ) −1/3 → 0. Although we restricted ourselves to consider expanding cosmologies only, this point belongs in the boundary of the phase space and so, in spite of the mentioned restriction, we have taken it into consideration in our analysis.
There is yet another pair of equilibrium points of the dynamical system corresponding to the generalized galileon vacuum, which are not found in the more general case when, in addition to the galileon field, there is standard (pressureless) matter in the cosmic background. These are the points P ± 1v in TAB. II. They correspond to a super-decelerated pace of the cosmic expansion
where 9t 0 is an arbitrary integration constant. At these points:φ
The points P ± 1v are saddle critical points, so that the corresponding pattern of cosmic expansion can be only a transient stage of the cosmological evolution. Besides, as seen from FIG. 2 , only for e very narrow set of initial conditions the corresponding phase plane orbits approach to P ± 1v . As shown, the asymptotic structure of the present galileon model, which is a particular case of the model with matter, is not as trivial as thought. In particular the galileons can play an important role in determining the fate of the cosmic evolution. This is to be contrasted with the result of section IV (see Ref. [27] ) that, in the presence of background matter, the galileons will not have impact on the late-time evolution of the universe.
VI. DISCUSSION
In order to understand the problem we are facing, let us to briefly expose the results of the dynamical systems study of the exponential quintessence model (see Ref. [28] for details). In this case the standard variables x s , y s defined in Eq. (9) are already bounded phase space variables. Consequently, all of the existing equilibrium points will be located in a bounded region of the phase plane.
Considering, just for simplicity, pressureless matter (p m = 0), the autonomous dynamical system corresponding to this case reads:
while the Friedmann constraint is written as:
The critical points P * : (x * s , y * s ) of the dynamical system (24) , which are located within the upper semi-disk x 2 s + y 2 s ≤ 1 (y s ≥ 0), are shown in TAB. III. There are two equilibrium points that are associated with the presence of standard mater (other than the scalar field φ): i) the matter dominated solution P mat where Ω m = 1, and ii) the scalar field-matter scaling solution P scaling , with
Since Ω m = 0, for the remaining critical points: iii) the stiff matter solutions P ± stiff , and iv) the scalar field dominated solution P φ , these arise even in the absence of standard matter.
Hence, what one expects for the vacuum of the above theory is that the asymptotic structure in the phase plane will be characterized by the equilibrium points P ± stiff and P φ exclusively. This is corroborated by setting Ω m = 0 in Eq. (25):
This relationship between the variables x s and y s leads to a reduction of the dimensionality of the dynamical system from 2 to 1. In other words, one is left with a single autonomous ODE:
Just as expected: the only critical points of this autonomous ODE are x s = ±1 (y s = 0), and x s = λ/ √ 6 (y s = 1 − λ 2 /6), respectively. In consequence, only the critical points P ± stiff and P φ , survive in the particular vacuum case.
In the galileon model depicted by the cosmological equations (6), the situation is a bit more complex. In this case one has to migrate to another set of bounded variables (11):
since the standard variables x s and y s are unbounded in this model. The critical points P ± * : (x * ± , y * , z * ) of the 3D autonomous system corresponding to the mixture of the galileon and a matter fluid depicted by Eq. (14) , are shown in TAB. I. Of them, only for P (24), corresponding to exponential quintessence [28] .
which is associated with the dark energy-dominated solution, the normalized (dimensionless) energy density of standard matter vanishes: Ω m = 0. Hence, one naively expects that in the galileon vacuum case, i. e., in the particular case when Ω m = 0, only these points will remain.
The very interesting thing here is that, in addition to P ± 3 and P ± 4 , which correspond to the critical points P ± 5v
and P ± 6v in TAB. II, respectively, a variety of new equilibrium points P ± * : (x * ± , y * ), is found in the phase plane of the dynamical system (20) , which do not arise when, in addition to the galileon field, standard matter fields populate the cosmic background. Among them the most interesting ones are:
1. The big bang solution P ± 2v : (±1, 1), is the source point for every orbit to the right and above of the separatrix sep + ('+' branch of the dynamical system (20) ), and to the left and above of the separatrix sep − ('-' branch of the dynamical system). This is illustrated in the figure 2.
2. The de Sitter solution P ± 7v : (±1, 1/2), is a local late-time attractor, where for local we mean that there may coexist other late-time attractors.
3. The super-accelerated phantom solution
exists only for negative λ < 0, in the '+' branch of (20) , or for positive λ > 0, in the '-' branch. This is also a local late-time attractor (see the bottom center and right-hand panels of FIG. 2) .
All of the above points which are not found in the more general situation when Ω m = 0, are either latetime or past attractors, so these can have impact in the asymptotic future and/or past dynamics of the universe. In particular, the point P ± 3v corresponding to the super-accelerated phantom solution, is a late-time attractor and, depending on the chosen initial conditions, it can be the end-point of the cosmic evolution. A phantom solution was discussed in [25] for the BransDicke theory with similar cubic derivative interaction ∝ f (φ)∇ 2 φ(∂φ) 2 . However, in this latter case it was a self-accelerating solution and, as shown in section V C 2, the self-accelerating solution is not compatible with the motion equations (6), (7), meaning that in the present case this solution does not arise.
So, we are faced with the following problem: there is less asymptotic dynamic structure in the phase space of the model (3) plus the matter piece action S m , than in the vacuum case (L m = 0 ⇒ S m = 0), which is a particular case of the former. The answer is in the cosmological equations. In fact, if take a closer look at (6) , (8), (7), one can see that the highly non-linear (cubic) derivative interaction ∝ ∇ 2 φ(∂φ) 2 , boosts the gravitational interactions of the background matter with the galileon, and these screen the gravitational self-interactions of the latter.
In order to make evident the gravitational interactions of the galileon with the background matter and with itself (what we call as gravitational self-interactions of the galileon), let us write again the Einstein's equations (6):
where, for simplicity, we are considering pressureless background matter, and the motion equation for the galileon (7):φ
The fact that in the equations (27) , (28), there is not explicit dependence on the energy density of the background matter ρ m , but on the curvature quantities, is a direct manifestation of the minimal coupling between the galileon and the matter fluid. Notice, however, that the galileon indirectly interacts with the background, as well as with itself, through gravity. This is evident in the field equations above. Actually, if one takes into account the Einstein's equations (26) and substitutes H andḢ +3H 2 from those equations back into Eq. (28), then one gets:
where we have considered the definitions of ρ φ and p φ in Eq. (8) . Now the dependence on the matter density of the background is explicit. If further substitute F from (29) back into the motion equation of the galileon (27) , then the gravitational interactions of the galileon with the background matter, as well as the gravitational selfinteractions of the galileon, are apparent. Qualitatively, what happens is that, when we set ρ m = 0 in (29) , the resulting equation of motion (27) , reflects the existence of the cosmological vacuum solutions which correspond to the critical points in TAB. II. These are the result of the gravitational self-interactions of the galileon which are boosted by the cubic derivative interaction through the term F given by Eq. (29) . Otherwise, if turn-off the cubic interaction by setting g 0 = 0 in Eq. (27) , only the critical points P ± 5v and P ± 6v in TAB. II, survive. In such a case (ρ m = 0, g 0 = 0), the galileon vacuum is indistinguishable from the quintessence vacuum. Now, if assume non-vanishing background matter (ρ m = 0), the gravitational interactions of the galileon with the cosmic background, screen its gravitational selfinteractions that led to the existence of the critical points: P 1v , P 2v , P 3v , P 4v , and P 7v , which, otherwise, are found in the vacuum galileon case in addition to P 5v and P 6v (see TAB. II).
VII. CONCLUSION
The 4D galileon models [19] were inspired by the 5D DGP braneworld [18] . As a matter of fact several of these models share certain similitude with the DGP scenario. In [25] , for instance, the Brans-Dicke galileon model given by the following Lagrangian density
was investigated. The authors found a solution that selfaccelerates at late-times, which is free of ghost instabilities on small scales. It is required that the BD coupling parameter be a negative quantity (ω < 0). At late time gravity is strongly modified and the background cosmology shows a phantom-like behavior. In this paper we have shown that the mentioned similitude between the galileon and the DGP model, in particular the existence of a self-accelerating solution, might not take place.
Here we have investigated the phase space asymptotic dynamics of the generalized galileon model which is depicted by the following Lagrangian density:
This is a particular case of the model of action (3) . In the model of (30), the fourth term in the Lagrangian, i. e. the cubic derivative interaction, is the one which guarantees that small fluctuations around the self-accelerating solution are stable on small scales [25] . Meanwhile, in the model (31), this term boosts the gravitational interactions of the galileon with the background matter, as well as the gravitational self-interactions of the galileon. The consequence is that, when the background matter is removed, new asymptotic behavior arises with respect to the standard quitessence cosmology (critical points P 1v , P 2v , P 3v , P 4v , and P 7v ). In the presence of background matter, the gravitational interactions of the latter with the galileon screen the gravitational self-interactions of the galileon vacuum. The result is very interesting and unusual: the asymptotic dynamics of the vacuum of the theory is richer than the asymptotic dynamics of the same model when background matter populates this vacuum.
Our results are unusual enough as to seek for further evidence on the mentioned compensating effects of the background matter on the dynamics of the vacuum of theories of gravity with derivative coupling. In this regard it will be interesting to search for a similar effect in models of the kind in Eq. (3), with different functions g = g(φ) and with other potentials V (φ) than the exponential. Besides, it could be also interesting to look for similar effects in other Horndeski-type theories with derivative coupling. These ideas will be the subject of future work. The critical points at infinity are found by solving the equations ρ ′ = θ ′ = 0 on ρ = 0, that is equivalent to solving g(θ) = 0. The solutions θ * are given in pairs θ i and θ i + 2π, however, here we consider only the solutions on the principal interval 0 ≤ θ ≤ π. Hence, the angular variable takes values within the interval 0 ≤ θ ≤ π, since by definition y s ≥ 0. The obtained solutions correspond to the following critical points Q i : (θ i , X There are not other fixed points at infinity. We want to notice that one or several of the above critical points may be degenerate. Actually, given the definition of the variables X s and Y s , and the relationships x s = r cos θ, y s = r sin θ and ρ = 1/r, it is not difficult to see that, under the Poincarè projection, those points at infinity for which x s is finite while y s → ∞, are mapped into the single (degenerate) point Q 1 : (π/2, 0, 1). In particular, the critical points in TAB. II, P ± 1v , for which x s = 0, y s → ∞, and the phantom critical points P ± 3v , which correspond to the case where x s = ∓2 √ 6/λ, y s → ∞, are mapped into the mentioned degenerate point Q 1 . This reflects the fact that different choices of variables cover just patches of the phase space but not the whole of it, and these should be complemented to get enough information on the dynamics.
Just for illustration, let us choose the positive branch patch given by the variables x + and y. Using Eq. (11) we get the coordinate relationships: This implies that the vacuum critical points P + 1v : (1, 0), and
both share the same value of the coordinate y = 0. Hence, if substitute y = 0 into the above equations for X s and Y s , independent of the value of x + , one gets:
For P − 1v : (−1, 0), and
we obtain the same result after expressing X s , Y s in terms of x − , y.
